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Abstract 
In this paper, we introduce the concept of (strong) set-valued homomorphism of an incline which is a generalization 
of ordinary (complete) congruence . We constructed generalized roughness, by means of a set-valued mapping, which 
is a generalization of the notion of roughness of an incline, and related properties are discussed. 
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1. Introduction 
Rough sets theory [1], a mathematical tool for dealing with uncertainty or vagueness. The majority 
studies on rough sets for algebraic structures such as semigroups, groups ,rings and modules have been 
concentrated on a congruence relation [2-3]. However, the congruence relation is restrict the application 
of the generalized rough set model for algebraic sets. To solve this problem, Davvaz [4] introduced the 
concept of a set-valued homomorphism in groups. And then, the concept of a set-valued homomorphism 
in lattices [5] and in rings [6] are introduced. In this paper, the concept of set-valued homomorphism of 
inclines is defined. We constructed the generalized rough approximation operators in inclines by means of 
set-valued mapping and the properties of them are studied. 
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2. Preliminaries 
We give some basic notions and results about generalized rough sets and inclines (see[6,7]), which 
will be necessary in the next sections. 
Definition 2.1. Let U and W be two non-empty universes. Let T be a set-valued mapping given by 
T:U→P(W). Then the triple (U, W, T ) is referred to as a generalized approximation space. For any set     
A⊆W, the lower and upper approximations T (A)and ( )T A , are dened by 
( ) { ( ) }, ( ) { ( ) }.T A x U T x A T A x U T x A= ∈ ⊆ = ∈ ∩ ≠ ∅  
(T (A), ( )T A ) is referred to as a generalized rough set, respectively. 
Theorem 2.2. Let  (U, W, T ) be a generalized approximation space, its lower and upper approximation 
operators satisfy the following properties: For all A, B ∈ P(W), 
(L1)T ( ) ( ( )) , ( 1) ( ) ( ( )) ;C C C CA T A U T A T A= =  
(L2)T ( ) , ( 2) ( ) ;W U U T= ∅ = ∅  
(L3)T(A∩B) = T (A) ∩R(B), ( 3) ( ) ( ) ( );U T A B T A R B∪ = ∪  
(L4) A⊆B⇒ T (A) ⊆T(B), ( 4) ( ) ( );U A B T A T B⊆ ⇒ ⊆  
(L5)T(A∪ B) = T (A) ∪T(B), ( 5) ( ) ( ) ( );U T A B T A R B∩ ⊆ ∩  
where Acis the complement of the set A. 
If R is an equivalence relation on U, then the pair (U,R) is the Pawlak approximation space. 
Let + and · be two binary operations on a nonempty set K. An algebraic system (K, +, ·) is called an incline if it 
satises the following axioms: for all x, y, z ∈ K, 
(K1) x + y = y + x; (K2) x + (y + z) = (x + y) + z; 
(K3) x · (y · z) = (x · y) · z; (K4) x · (y + z) = x · y + x · z; 
(K5) (y + z) · x = y · x + z · x; (K6) x + x = x; 
(K7) x + x · y = x; (K8) y + x · y = y. 
In an incline K, we dene a binary relation ≤ by x ≤ y ⇔ x + y = y. It is easy to see that ≤ is a partial order on K 
and that for any x, y ∈ K, x + y = x∨ y in the poset (K, ≤). 
Let A be a nonempty subset of an incline K. Then A is called a subincline if for all a, b ∈A ⇒ a+b∈A, a·b∈A; 
A subincline A of K is called an ideal (a lter) if it is a lower (an upper) set. 
Let L and K be two inclines. A mapping f:L→K is said to be a homomorphism if for all a,b∈L, f (a+b) 
= f (a) + f (b), f (a · b) = f (a) · f (b). 
Let A, B are two non-empty subset of an incline K. We dene 
A + B = {x + y|x ∈ A, y ∈ B}, A · B = {x · y|x ∈ A, y ∈ B}. 
An equivalence relation θ on an incline K is called a congruence if (a,b), (c,d)∈θ implies (a+ c, b+d), 
(a·c, b·d)∈θ. It is obvious that [a]θ + [b] θ⊆ [a + b] θand [a] θ· [b] θ ⊆ [a · b] θ. 
3. Set-valued homomorphism in inclines 
Rough sets were originally proposed in the presence of an equivalence relation. An equivalence 
relation is sometimes diﬃcult to be obtained in real-world problems due to the vagueness and incomplete-
ness of human knowledge. From this point of view, in this section, we introduce the concept of set-valued 
homomorphism of inclines. 
Definition 3.1.Let L and K be two inclines. A mapping T:L→P(K) is called a set–valued homomorphism if for all 
a,b∈ L, 
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(1) T (a) + T (b) ⊆ T (a + b), (2) T (a) · T (b) ⊆ T (a · b), 
T is called a strong set–valued homomorphism if the equations are hold. 
Let us illustrate this denition using the following example. 
Example 3.2 
(1)Let θ be a congruence relation on an incline L. Dene Tθ:L→P(L) by Tθ(x)= [x]θ. Then Tθ is a set-
valued homomorphism. 
(2) Let f be an incline homomorphism from L to K. Then the set-valued mapping T: L →P(K) dened 
by T (a) = { f (a), a ∈ L} is a strong set-valued homomorphism. 
Theorem 3.3. Let L, K be two inclines and T:L→P(K) be a set–valued homomorphism. Then for all 
x,y∈L, 
(1) T (x) + T (x) = T (x); 
(2) x ≤ y implies T (x) + T (y) ⊆ T (y); 
(3) T (x) + T (x) · T (y) ⊆ T (x). 
Proof. (1) Since T is a set–valued homomorphism, we have T (x) + T (x) ⊆ T (x + x) ⊆ T (x). For any 
y∈T (x), we have y = y + y ∈ T (x) + T (x). So T (x) + T (x) = T (x). 
(2) Since x ≤ y, we have x + y = y. So T (x) + T (y) ⊆ T (x + y) = T (y). 
(3) Since x · y ≤ x, we have T (x) + T (x) · T (y) ⊆ T (x) + T (x · y) ⊆ T (x). 
Theorem 3.4. Let L, K be two inclines and T : L → P(K) be a set–valued homomorphism. If A, B are two 
non-empty subsets of K, then 
(1) T (A) + T (B) ⊆ T (A + B); 
(2) T (A) ·T (B) ⊆ T (A · B). 
Proof. (1) Assume that x ∈T (A) + T (B), there exist y ∈T (A), z ∈T (B) such that x = y + z. So there 
exist a ∈ T (y) ∩ A, b ∈ T (z) ∩ B, then a+b ∈ A∨ B. Since T is a set–valued homomorphism, we have 
a+b ∈ T (y)+T (z) ⊆ T (y+z) = T (x). So a+b ∈ T (x)∩(A+B) which implies x ∈ T (A+B). 
(2) The proof is similar to (1). 
Theorem 3.5. Let L, K be two inclines and T : L → P(K) be a strong set–valued homomorphism. If A, B 
are two nonempty subsets of K, then 
(1) T (A) + T (B) ⊆ T (A + B); 
(2) T (A) · T (B) ⊆ T (A · B). 
Proof. (1) Assume that x ∈ T (A) +T (B), there exist y ∈ T (A), z ∈ T (B) such that x = y+ z. Since T is a 
strong set–valued homomorphism, we have T (x) = T (y + z) = T (y) + T (z) ⊆ A + B. So x ∈ T (A + B). 
(2) The proof is similar to (1). 
Theorem 3.6. Let L, K be two inclines and A a non-empty subsets of K. If A is closed under + and 
T:L→ P(K) is a set–valued homomorphism, then 
(1) T (A) + T (A) = T (A); 
(2) If T is strong, then T (A) · T (A) ⊆ T (A). 
Proof. (1) By Theorem 3.4 and A is closed under +, we have T (A) + T (A) = T (A+A) = T (A). Conversely, 
let x ∈ T (A), we have x = x + x ∈ T (A) + T (A). So T (A) ⊆ T (A) + T (A). 
(2) The proof is similar to (1). 
Lemma 3.7. Let L, K be two inclines. Then 
(1) Let T:L → P(K) be a set–valued homomorphism. If A is a subincline of K and T (A) is non-empty, 
then T (A) is a subincline of L; 
(2) Let T:L → P(K) be a strong set–valued homomorphism. If A is a subincline of K and T (A) is non-
empty , then T(A) is a subincline of L. 
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Proof. (1)Assume that x,y ∈T (A), there exist a,b∈A such that a∈T (x), b∈T(y). Since T is a set–valued 
homomorphism and A is a subincline, we have a+b∈T(x)+T(y)⊆T(x+y) and a+b∈A. So 
a+b∈T(x+y)∩A which implies that x + y∈T (A). Similarly, we have x · y ∈T (A). 
(2)Assume that x,y∈T(A), we have T (x)⊆A, T(y)⊆A. Since T is a strong set–valued homomorphism 
and A is a subincline, we have T(x+y)=T(x)+T(y)⊆A+A =A which implies that x+y∈T(A). Similarly, we 
have x·y∈ T(A). 
Theorem 3.8. Let L, K be two inclines and T :L→P∗(K) (P∗(K) denotes all non-empty subsets of K) a 
strong set–valued homomorphism. If A is an ideal of K, T(A) and T (A) are non-empty subsets of L, then 
T(A) andT (A) are ideals of L. 
Proof. By Lemma 3.7, we have T (A) and T (A) are subinclines of L. 
Let x∈T(A), y∈L and y ≤ x, we have T(x)⊆A and x+y = x. Suppose a∈T(x), then for all z∈T (y), we 
have a+z∈T(x) +T(y) = T(x+y)=T(x)⊆A. Since A is an ideal of K, we have z∈A. So T(y)⊆A which 
implies that y∈T(A). 
Let x∈T (A), y∈L, and y ≤ x, there exists a∈T(x)∩A. Since T is strong, then T(x)+T(y)=T(x+y) =T(x). 
So there exist b∈T(x), c∈T(y) such that a = b+c. Since A is an ideal of K, we have c∈A. So y∈T (A). 
Theorem 3.9. Let L, K be two inclines. Then 
(1)Let T:L→P∗(K) be a set–valued homomorphism. If A is a lter of K and T (A) is non-empty subset 
of L, then T (A) is a lter of L; 
(2)Let T:L→P∗(K) be a strong set–valued homomorphism. If A is a lter of K and T(A) is non-empty 
subset of L, then T(A) is a lter of L. 
Proof. By Lemma 3.7, we have T (A) and T (A) are subinclines of L. 
(1) Let x∈T (A), y∈L and x≤y, there exists a∈T(x)∩A and y+x = y. Since T is a set–valued homo- 
morphism, we have T(x)+T(y)⊆T(x+y) = T(y). Let b∈T(y), we have a+b∈T(x)+T(y)⊆T(y). Since A is a 
lter, we have a+b∈A. So T(y)∩A ≠ ∅  which implies that y∈T(A). 
(2) Let x∈T(A), y∈L and x ≤ y, we have x+y = y and T(x)⊆A. Since T is strong , we have T(x)+T(y) = 
T(x+y) = T(y). For any z∈T(y), there exist a∈T(x)⊆A, b∈T(y) such that z = a+b. Since A is a lter, we 
have z∈A. Thus T(y)⊆A which implies that y∈T(A).  
Theorem 3.10. Let L, K be two inclines and T:L→P∗(K) a strong set–valued homomorphism. If A is a 
prime ideal of K and T(A),T (A) are non-empty proper subsets of L, then T(A),T (A) are prime ideals of L. 
Proof. By Theorem 3.8, we know that T(A) and T (A) are ideals of L. 
Let x·y∈T(A), then T(x)·T(y) = T(x·y)⊆A. We assume that x∉T(A) and y∉T(A), then there exist 
x′∈T(x), y′∈T (y) but x′, y′∉A. Thus x′·y′∈T(x)·T (y)⊆A. Since A is a prime ideal, we have x′∈A or 
y′∈A. It contradicts with the supposition. Then we have x∈T (A) or y∈T(A). This means that T(A) is a 
prime ideal of L. 
Let x·y∈ T (A), then (T(x)·T(y))∩A = T(x·y)∩A ≠ ∅ . So there exist x′∈T(x), y′∈T(y) such that 
x′·y′∈A. Since A is a prime ideal, we have x′∈A or y′∈A. Thus x∈T (A) or y∈T (A). Therefore, T (A) 
is a prime ideal of L. 
Theorem 3.11. Let L, K be two inclines and T:L→P∗(K) a strong set–valued homomorphism. If A is a 
prime lter of K and T(A),T (A) are non-empty proper subsets of L, then T(A),T (A)  are prime lters of L. 
Proof. The proof is similar to Theorem 3.10. 
Theorem 3.12 Let T:L→P(K)  be a set-valued homomorphism of inclines. If A,B are upper-sets of K, then 
T (A∩B) = T (A)∩T (B). 
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Proof. Assume that x∈T (A)∩T (B), there exist y∈A, z∈B such that y,z∈T(x). Since A,B are upper-sets, 
we have y+z∈A∩B. T is a set-valued homomorphism, we have y+z∈T(x)+T(x)⊆T(x+x) = T(x). So 
y+z∈T(x)∩(A∩B) which implies x∈T (A∩B). By Theorem 2.2 U(5), we get the conclusion easily. 
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